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Abstract.We propose a novel higher-derivative, Weyl-invariant and generally-covariant the-
ory for the cosmological constant. This theory is a mimetic construction with gauge fields
playing the role of dynamical variables. These fields compose Chern-Simons current instead
of the vector field in the Henneaux and Teitelboim formulation of the unimodular gravity.
The equations of motion exactly reproduce the traceless Einstein equations. We demonstrate
that, reformulated in Weyl-invariant variables, this novel theory reduces to standard general
relativity with the cosmological constant as a Lagrange multiplier. This Lagrange multiplier
has an axion-like coupling.
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1 Introduction and Discussion
More than a century ago Einstein proposed [1] the trace-free part of his now standard general
relativity (GR) equations, as a foundation for the dynamics of spacetime. If one assumes
energy-momentum conservation, this formulation is classically equivalent to GR with a cos-
mological constant that is now demoted from the status of a constant of nature to a mere
constant of integration, for recent discussion see e.g. [2–4]. The value of this integration
constant is fixed by initial conditions. Thus, the current cosmological constant may be a
remnant from the early universe quantum gravity era, for discussion see e.g. [5, 6]. The main
advantage of this formulation is that these traceless Einstein equations are invariant with
respect to the vacuum shifts of the matter energy-momentum tensor
Tµν → Tµν + Λgµν . (1.1)
This rather desirable property [7] puts the cosmological constant problem in a rather different
perspective.
The cosmological constant problem is one of the most important problems in modern
physics, for reviews and recent pedagogical expositions see e.g. [2, 8–10]. The essence of the
cosmological constant (CC) problem is a fine-tuning of the value of the observed acceleration
of our expanding universe caused by this CC. However, any discussion of naturalness and
anthropic reasoning implicitly assumes that the cosmological constant or vacuum energy can
take different values for different solutions. Hence, theories where CC is not a constant of
nature, but a dynamical variable are useful to apply anthropic reasoning.
As it was realized already by Einstein one can obtain such a formulation of gravitational
dynamics form the Einstein-Hilbert action where one does not vary the determinant of the
metric. Therefore very often such theories are referred to as “unimodular gravity”. There are
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different formulations of the dynamics of the unimodular gravity, see e.g. [11, 12]. The most
relevant for us is the generally-covariant construction by Henneaux and Teitelboim (HT) [11]
with a vector field and our recently introduced mimetic reformulation [13] based on a vector
field of conformal weight four.
In the current paper we upgraded our previous Weyl-invariant proposal of mimetic dark
energy [13] with an unusual vector field of conformal weight four to a mimetic construction
with common abelian and non-abelian /Yang-Mills gauge fields. In the current modifica-
tion, the role of this vector field is played by a Chern-Simons current. Similarly to the
original mimetic dark matter proposal [14], the theory has higher derivatives, but does not
suffer from the Ostrogradsky ghosts because of the gauge degeneracy caused by the Weyl
invariance. Our mimetic setup allows for a reformulation without higher derivatives. In this
reformulation, the cosmological constant possesses an axion like coupling envisioned long
time ago by Wilczek in [15]: “I would like to briefly mention one idea in this regard, that
I am now exploring. It is to do something for the A-parameter very similar to what the
axion does for the θ-parameter in QCD, another otherwise mysteriously tiny quantity. The
basic idea is to promote these parameters to dynamical variables, and then see if perhaps
small values will be chosen dynamically.” However, here we have not touched any dynamical
mechanisms allowing to obtain value of CC corresponding to the current data.
The paper is organized in the following way. In section (2) we refresh the relevant
elements from [13], introduce our mimetic construction for an abelian gauge field and connect
this model to our previous proposal [13]. In section (3) we discuss identities which appear
per construction in all mimetic theories and in particular in the theory proposed here. Then,
in section (4), we discuss the correspondence between the U(1) gauge transformations in the
current construction and gauge symmetry corresponding to the transverse shifts in the vector
field in [13] and [11]. Then we derive the equations of motion and discuss their properties in
section (5). In section (6) we find Weyl-invariant variables and reformulate the theory using
Lagrange multiplier. Here we show that the field corresponding to the cosmological constant
has an axion like coupling. After that in section (7) we follow the Faddeev-Jackiw procedure
and analyze the dynamical degrees of freedom in the abelian case. Here we show that the
cosmic time canonically conjugated to the cosmological constant is given by the Chern-Simons
charge. It is easy to verify that this will also be the case fo the further non-abelian extensions
which we introduce in section (8). There we generalize this construction to arbitrary SU(N)
gauge group and discuss a potential embedding of this theory as an IR-limit of a confined
Yang-Mills theory (like QCD) with the axion. Finally, in section (9) we introduce other novel
vector-tensor theories describing cosmological constant as an integration constant.
Clearly current luck of understanding of the tiny value of the cosmological constant
encourages further investigation of these theoretic constructions.
2 Mimetic Construction with Chern-Simons Current
In the previous work [13] some of us proposed a new extension of the mimetic construction
[14] incorporating a vector field V α. As usual in mimetic theories, we demoted the spacetime
metric, gµν , from its status of a dynamical variable and introduced the ansatz1 for gµν :
1After our previous work [13] was published and most of the current paper was completed, we became
aware that this ansatz was introduced before in [16] from a completely different reasoning. We are thankful
to Tony Padilla for pointing out this useful reference.
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gµν = hµν ·
(
∇h)α V α
)1/2
. (2.1)
In this substitution, gµν – is the physical, free-fall, metric, while hµν is an auxiliary metric
and a new dynamical variable and the covariant derivative, ∇h)α , is the Levi-Civita connection
compatible with this
∇h)α hµν = 0 . (2.2)
The main idea behind the ansatz (2.1) was that any seed theory which originally has gµν
as a dynamical variable will be mapped into a new Weyl-invariant theory with dynamical
variables hµν and V µ. The latter property can be realized only if the vector field V µ has
conformal weight four under the Weyl transformations:
V µ = Ω−4 (x)V ′µ , along with hµν = Ω2 (x)h′µν . (2.3)
On top of the Weyl symmetry above, the resulting theory will possess another gauge invari-
ance
V µ = V ′µ + ξµ , where ∇h)µ ξµ = 0 , (2.4)
as the latter preserves the ansatz (2.1).
As it was demonstrated in the previous work [13], if the seed theory is general relativity
(GR) with the Einstein-Hilbert action, then the resulting theory, written in Weyl-invariant
variables, reduces to the Henneaux and Teitelboim (HT) generally-covariant formulation [11]
of the so-called “unimodular gravity”. Interestingly, this classical equivalence along with the
Weyl-invariance of the resulting theory seem to be overlooked in [16].
In the resulting theory there is only one global additional dynamical degree of freedom
(on top of the usual two graviton polarizations) which is given by the integral2
T (t) =
ˆ
t
d3x
√−hV t (t,x) . (2.5)
This dynamical degree of freedom - “cosmic time” - is canonically conjugated to the cosmo-
logical constant Λ, and is shifted by a constant
T (t) = T ′ (t) + c , (2.6)
as a result of the gauge transformations (2.4). As usual in classical mechanics, shift-symmetry
in a coordinate results in conservation of the canonical momentum: Λ = const. Here it is
crucial that similarly to current conservation, the divergence-free condition for the gauge
transformations (2.4), ∇h)µ ξµ = 0, results in
´
t d
3x
√−h ξt (t,x) = const which we denoted as
c.
Contravariant vector fields of conformal weight four are rather unusual objects. A
common conformal weight for a contravariant vector field is two. This suggests to look for
more fundamental vector objects which can compose V µ.
In this paper we propose a new vector mimetic construction where V µ is not a dynamical
variable, but is composed out of usual gauge fields Aµ. This option was also briefly mentioned
2We use: the standard notation
√−h ≡
√
−dethµν , the signature convention (+,−,−,−), and the units
c = ~ = 1, MPl = (8piGN)−1/2 = 1.
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in [16], but again from a completely different perspective. Namely, we propose the ansatz3
gµν = hµν ·
√
FαβF˜αβ , (2.7)
for the spacetime metric in the Einstein-Hilbert action. In this ansatz
Fµν = ∂µAν − ∂νAµ , (2.8)
is the usual field strength tensor for a U(1) gauge potential Aµ, while F˜αβ is the corresponding
Hodge-dual tensor
F˜αβ = 12 ·
αβµν√−h · Fµν , (2.9)
with the Levi-Civita symbol4 αβµν and the related tensor Eαβµν = αβµν/
√−h. Later in
this paper we generalize this ansatz (2.7) to a non-abelian case. One can rewrite the physical
metric as
gµν =
hµν
(−h)1/4
·
√
P , (2.10)
where
P = 12
αβµνFαβFµν = 2αβµν∂αAβ∂µAν , (2.11)
is the Chern-Pontryagin density, which is insensitive to the metric. Hence, in our ansatz, for
the determinant of the physical metric we have
g = −P2 . (2.12)
The physical metric gµν defined through (2.7) is invariant under the Weyl transforma-
tions of the auxiliary metric hµν . Indeed, as usual, the gauge field Aµ is invariant under the
Weyl transformations and so it is the case for the Chern-Pontryagin density, P. Hence, the
invariance of gµν directly follows from (2.10).
Now we can recall that
FαβF˜
αβ = Eαβµν
(
∇h)α Aβ
)
Fµν = ∇h)α
(
EαβµνAβFµν
)
, (2.13)
as due to the Bianchi identity ∇h)α
(
EαβµνFµν
)
= 0. Hence, one can introduce the so-called
Chern-Simons current, Cα, which is given by
Cα = EαβµνAβFµν = 2F˜αβAβ = 2EαβµνAβ∇h)µ Aν = 2EαβµνAβ∂µAν , (2.14)
where we listed some of the useful identities. Under the Weyl transformations this pseu-
dovector has conformal weight four as
Cα = 2
αβµν
√−hAβ∂µAν = 2Ω
−4 (x) 
αβµν
√−h′Aβ∂µAν = Ω
−4 (x)C ′α . (2.15)
We can now write our novel mimetic vector ansatz (2.7) as
gµν = hµν ·
√
∇h)α Cα , (2.16)
3It would be more proper to use the absolute value of the invariant FαβF˜αβ in this and consequent formulas,
but for simplicity we omit the absolute value.
4We use the convention 0123 = +1.
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and identify the Chern-Simons current (ChS) with the vector field V µ introduced in [13]. It
is important to stress that the dynamical variables in the action are {Aµ, hαβ}. Contrary
to ansatz (2.1) from our previous work [13], here, the physical metric gµν does not depend
on the derivatives of the auxiliary metric hαβ. The price for this simplification is that the
field V µ becomes the ChS current, which is a composite variable quadratic in the elementary
dynamical variables Aµ. Moreover, one should be rather vigilant in using this identification,
as a straight field redefinition, V µ → Aµ, because (2.14) contains time derivatives ∂tAµ.
These time derivatives would usually imply that the equations of motion for {Aµ, hαβ} may
have more solutions than the equations of motion for {V µ, hαβ}. Thus, the proposed con-
struction should not necessarily result in a theory equivalent to the one introduced in [13]
corresponding to the “unimodular gravity”. Nevertheless, we will show just a bit later that,
indeed, both theories, with vector of conformal weight four (2.7) and with gauge field (2.1)
have the cosmological constant as an integration constant and no other dynamical degrees of
freedom that would be extra to those in standard GR. The key hint for this equivalence is
that the true dynamical degree fo freedom of the original theory (2.5), the cosmic time, only
depends on V t, which after identification becomes Ct given by (2.14). However, the later
does not contain dangerous time-derivatives of the gauge potential Aµ.
Substitution of the ansatz (2.1) into any seed action functional S [g,Φm] (with some
matter fields Φm) induces a novel Weyl-invariant theory with the action functional
S [h,A,Φm] = S [g (h,A) ,Φm] . (2.17)
Now we can plug in the ansatz (2.1) into the Einstein-Hilbert action to obtain an action
for a higher-derivative and U(1)-invariant vector-tensor theory
Sg [h,A] = −12
ˆ
d4x
√−h
(FαβF˜αβ)1/2 R (h) + 38 ·
(
∇h)µ
(
FαβF˜
αβ
))2
(
FσρF˜ σρ
)3/2
 . (2.18)
From this action it is clear that the invariant FαβF˜αβ can never vanish on any physical
solution. This is clearly a novel U(1)-invariant scalar-vector theory going beyond Horn-
deski and other more recent constructions. For details see [17, 18]. The total action is
S [h,A,Φm] = Sg [h,A] +Sm [h,A,Φm] where the second term is the action for matter fields.
It is convenient to introduce a scalar field ϕ
FαβF˜
αβ =
(
ϕ2
6
)2
, (2.19)
so that all other matter fields are coupled to the physical metric
gµν =
ϕ2
6 · hµν . (2.20)
An elegant representation of the ansatz (2.7) comes from the identity
detFµν = −
(
FαβF˜
αβ
4
)2
· h , (2.21)
implying that
gµν = 2hµν ·
(
−detFµν
h
)1/4
. (2.22)
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It is important to stress that the Weyl-invariance does not fix the form of the mimetic
ansatz. Indeed, in [19, 20] it was proposed to use another invariant of the field strength
tensor so that gµν = hµν ·
√
FαβFαβ instead of (2.7). This ansatz also preserves the Weyl-
invariance of the metric gµν , but instead of the cosmological constant the result mimics the
spatial curvature, at least in cosmology.
Interestingly, similarly to these works [19, 20], one can show that among conformal
substitutions gµν = C
(
FαβF˜
αβ
)
hµν or gµν = C
(
∇h)α V α
)
hµν , the only C that allows for a
degeneracy and that induces a new theory and not just a mere field-redefinition5, is a square
root. Thus the degeneracy and the appearance of new (global) degree of freedom is directly
linked to the Weyl symmetry.
3 Built-in Constraints
Usually mimetic theories possess a built-in constraint involving the physical metric, gµν and
other Weyl-invariant quantities composed out of the dynamical variables. For instance, the
original mimetic dark matter [14] has the built-in Hamilton-Jacobi equation
gµν ∂µφ∂νφ = 1 . (3.1)
While the mimetic dark energy from [13] has
∇g)µ Wµ = 1 , (3.2)
where ∇g)µ is the Levi-Civita connection compatible with the physical metric
∇g)µ gαβ = 0 , (3.3)
and therefore Weyl-invariant with respect to hµν = Ω2 (x)h′µν , while the Weyl-invariant
vector field Wµ was defined as
Wµ = V
µ
∇h)α V α
, (3.4)
with hµν−compatible Levi-Civita connection ∇h)α .
In the current reincarnation of mimetic dark energy it is useful to introduce F ?αβ as
the Hodge-dual tensor
F ?αβ = 12 ·
αβµν√−g · Fµν , (3.5)
defined with respect to the physical metric, gµν . It is easy to check that, per construction,
the analogue of (3.1) and (3.2) is
FαβF
?αβ = 1 . (3.6)
All these constraints are just identities which also hold off-shell. Usually, a Weyl-invariant
formulation of a mimetic theory boils down to just standard GR supplemented by these
constraints that have to hold now only on-shell - on equations of motion. In section (6) we
will see that this expectation is fulfilled also for the theory under consideration.
5For the similar discussion in context of the scalar-field mimetic construction and more general disformal
transformations see [21, 22], while for degeneracy in gauge field metric transformations see [23, 24].
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4 Matching Gauge Transformations?
It is useful to recall that the Chern-Simons current is not a gauge invariant object with
respect to U(1) transformations. Indeed, under the usual U(1) gauge transformation
Aµ = A′µ + ∂µθ , (4.1)
the ChS current transforms inhomogeneously as
Cα = C ′α + 2F˜αβ∂βθ . (4.2)
However, the good news are that
∇h)α
(
F˜αβ∂βθ
)
= 0 , (4.3)
due to the Bianchi identity, commutativity of derivatives and antisymmetry of Fµν . In this
way, it seems that at least some of the gauge transformations (2.4) (and consequently the
global shifts of the cosmic time (2.6)) can be generated by the usual U(1) gauge transforma-
tions (4.1) with a particular vector field
ξα(θ) = 2F˜αβ∂βθ . (4.4)
However, not all of the gauge transformations (2.4) (global shifts of the cosmic time (2.6))
can be represented through the so-called small U(1) gauge transformations, with the gauge
function vanishing at infinity. Indeed, a general divergence-free vector field ξµ contains three
independent functions, whereas in U(1) transformations there is only one free function θ.
Moreover, one can show that the global shifts in cosmic time (2.6) could be only gen-
erated by large gauge transformations that have θ non-vanishing at the spatial boundary of
spacetime, B. Indeed,
ˆ
t
d3x
√−h ξt(θ) =
ˆ
t
d3x tikmFkm∂iθ =
ˆ
t
d3x∂i
(
θtikmFkm
)
=
˛
B
dsi θ
tikmFkm , (4.5)
where we used (2.9), the Bianchi identity and the 3d Stokes theorem. Clearly, this integral
can only be nonvanishing provided the gauge functions θ and the component of magnetic field
normal to the spatial boundary surface are both nonvanishing. Thus, it seems that off-shell
properties of these two theories are not identical.
5 Equations of Motion
Let us derive the equations of motion for our novel vector-tensor theory (2.18). For the
variation of the total action we get
δS = 12
ˆ
d4x
√−g (Tµν −Gµν) δgµν + boundary terms , (5.1)
where Gµν is the Einstein tensor for the physical metric gµν and the energy momentum tensor
of matter is defined as usual with respect to the physical metric
Tµν =
2√−g ·
δSm
δgµν
. (5.2)
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The variation of the contravariant physical metric gives
δgµν = 6
ϕ2
· δhµν − 2gµν · δϕ
ϕ
, (5.3)
where the variation of the scalar can be expressed from (2.19) as
4FαβF˜αβ · δϕ
ϕ
= δ
(
FαβF˜
αβ
)
= 4Eαβµν∇h)α Aβ∇h)µ δAν +
1
2FαβF˜
αβhµνδh
µν . (5.4)
Then from (5.1) and (5.3), using the Bianchi identity, one obtains the equation of motion for
the gauge potential
1√−h ·
δS
δAν
= F˜µν∂µ (T −G) = 0 , (5.5)
where T = Tαβgαβ and G = Gαβgαβ. The Hodge dual of the field tensor has an inverse
provided FαβF˜αβ 6= 0, for a recent discussion see [23]. Hence the equation of motion for the
gauge field implies
∂µ (T −G) = 0 . (5.6)
The equation of motion for the auxiliary metric reads
1√−g ·
δS
δhαβ
= 3
ϕ2
[
Tαβ −Gαβ − 14 (T −G) gαβ
]
= 0 . (5.7)
Hence the equation of motion for the metric hµν alone directly reproduces the trace-free part
of the Einstein equations
Gαβ − Tαβ − 14gαβ (G− T ) = 0 . (5.8)
We would like to stress again that these equations are clearly symmetric with respect to the
vacuum shifts of the energy-momentum tensor for the matter fields
Tµν → Tµν + Λgµν , (5.9)
a property which was considered to be desirable already by Einstein [1] more than a century
ago. For more recent discussions see e.g. [3, 4, 7].
Interestingly, the equation of motion for the gauge field Aµ is a direct consequence of
the equations of motion for the tensor hµν and the equations of motion of the matter. This
looks like a direct consequence of the second Noether theorem, see e.g. discussion in [25].
Crucially, both equations of motion (5.5) and (5.8) are second order PDE when written
in terms of the manifestly Weyl-invariant composite metric gµν . However, considered as an
equation of motion for original dynamical variables, (5.5) has fourth derivatives of Aµ and
third of hµν , while the trace-free part of the g−Einstein equations (5.8) has up to third
derivatives of these original variables Aµ.
The resulting traceless Einstein equations correspond to those of the so-called unimodu-
lar gravity. From the point of view of classical physics the only difference from standard GR
is that the cosmological constant is an integration constant. Indeed, integrating the equation
of motion (5.5) for the gauge field one obtains
G− T = 4Λ = const , (5.10)
which one can substitute into (5.8). However, from the point of view of quantum mechanics
the cosmological constant is now promoted to an operator. Consequently, the observed value
of CC (in generic quantum state of the universe) will have quantum fluctuations, which are
per definition impossible for a fixed constant of nature.
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6 Gauge Invariant Variables and Scalar-Vector-Tensor Formulation
Now we can follow a similar procedure as in [26] and [13] and promote the scalar ϕ to an
independent dynamical variable in order to eliminate the higher derivatives from the action.
On this path we introduce a Lagrange multiplier, λ, enforcing the definition (2.19) so that
the action (2.18) transforms into
S [h, ϕ,A, λ] =
ˆ
d4x
√−h
[
−12 (∂ϕ)
2 − 112ϕ
2 R (h)− λ72ϕ
4 + λ2 · FαβF˜
αβ
]
. (6.1)
Hence, we have rewritten (2.18) as a scalar-vector-tensor theory in this way. This theory
should be Weyl-invariant, as it was the case with the original action (2.18). This requirement
forces the Lagrange multiplier λ to be invariant under the Weyl transformations. All other
matter fields are coupled to the scalar ϕ through the physical metric
gµν =
ϕ2
6 · hµν . (6.2)
As we have already noticed in our previous work [13], the first three terms correspond
to the Dirac theory of the Weyl-invariant gravity [27], see also [28]. These terms are also
used in the so-called Conformal Inflation [29]. The auxiliary scalar field ϕ has a ghost-like
kinetic term. The would be coupling constant λ is actually a Lagrange multiplier field which
has a crucial axion-like coupling.
The form of the action is also closely related to those theories studied in [30] which are,
however, only invariant with respect to transverse diffeomorphisms preserving the value of
the metric determinant.
The form of the action suggests that the Weyl symmetry in this setup is in a sense
empty (or as sometimes called fake or sham) and does not have any dynamical consequence,
see e.g. [31–33].
The dynamical variables {hµν , Aµ, λ, ϕ} transform as
hµν = Ω2 (x)h′µν , (6.3)
ϕ = Ω−1 (x)ϕ′ ,
Aµ = A′µ ,
λ = λ′ .
Instead, of these dynamical variables one can introduce a new set of independent dynamical
variables {gµν , Aµ,Λ, ϕ}, where
gµν =
ϕ2
6 · hµν , (6.4)
Λ = λ2 ,
are gauge invariant. These nonsingular field-redefinitions resemble the Weyl transformations
with Ω2 = ϕ2/6, except we do not reduce the dimensionality of the phase space, as ϕ is not
affected by this field-redefinition.
Performing this field redefinition in (6.1) one rewrites the action as
S [g,A,Λ,Φm] =
ˆ
d4x
√−g
[
−12R (g) + Λ
(
FαβF
?αβ − 1
)]
+ Sm [g,Φm] , (6.5)
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where the matter is now minimally coupled to gravity and the Hodge dual F ?αβ is now
defined with respect to the physical metric gµν , see (3.5). This action functional does not
depend anymore on the conformal factor ϕ, but only on Weyl-invariant dynamical variables
{gµν , Aµ,Λ}. Clearly the Lagrange multiplier Λ has an axion-like coupling. However, contrary
to a normal axion there is no kinetic term.
The corresponding equations of motion are: the constraint
FαβF
?αβ = 1 , (6.6)
which for non-Weyl-invariant dynamical variables was just built-in off-shell, see (3.6) in sec-
tion (3), while the variation with respect to the gauge field yields
1√−g ·
δS
δAγ
= −4∇g)µ
(
ΛEαβµγ∇g)α Aβ
)
= 4F ?γµ∂µΛ , (6.7)
and the Einstein equations are
2√−g ·
δS
δgαβ
= Tαβ + Λgαβ −Gαβ = 0 . (6.8)
The constraint (6.6) enforces that F˜ γµ is invertible so that Λ = const which also follows
from the Bianchi identity and the conservation of the total energy-momentum. Clearly these
equations are equivalent to those obtained from the original action, (5.5) and (5.8).
One possible interpretation of the action (6.5), as well as the action of the Henneaux-
Teitelboim generally-covariant formulation [11] of the so-called “unimodular gravity” is that
they simultaneously describe all de Sitter and anti de Sitter universes. Interestingly, the
dynamics of these systems is essentially mechanical and not field-theoretical, as the degrees
of freedom are global and correspond to the cosmic time and the canonically conjugated
cosmological constant.
7 Faddeev-Jackiw Procedure and Degrees of Freedom
A proper Hamiltonian analysis of the system would take too much space in this short paper,
and will be reported elsewhere. Indeed, via the Dirac procedure this analysis can be quite
involved and deserved a separate study in cases of the mimetic gravity e.g. [34] and of the
unimodular gravity e.g. [35]. Therefore, here we will only provide a hint for the structure
of the canonical degrees of freedom in this theory written in the Weyl-invariant variables
(6.5). For this simplified analysis we will follow the Faddeev-Jackiw procedure [36, 37]. It
is sufficient to consider the “constraint part of the action” (6.5) only. The corresponding
Lagrangian density takes the form
L = −√−gΛ + 2Λ∂0
(
0ikmAi∂kAm
)
+ 2Λ∂k
(
kβµνAβ∂µAν
)
, (7.1)
where the latin indices are purely spatial and run from 1 to 3. Furthermore, we can introduce
a decomposition
Ai = ∂iχ+ATi , where ∂iATi = 0 , (7.2)
so that a U(1) gauge transformation leaves ATi invariant and shifts χ as
χ = χ′ + θ , (7.3)
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so that another invariant object is A0 − χ˙.
It is useful to introduce a “magnetic field”
Bi = 0ikm∂kATm . (7.4)
Substituting the decomposition into the Lagrangian, after some algebra, we obtain
L = −√−gΛ + 2Λ
[
∂0
(
BiATi
)
+ 2Bi∂i (χ˙−A0) +BiA˙Ti −ATi B˙i
]
. (7.5)
In this Lagrangian χ and A0 only enter as a gauge invariant combination χ˙− A0. Similarly
to standard electrodynamics, A0 enforces a constraint while a variation with respect to χ is
superfluous, as it only enforces the time derivative of this constraint to vanish. Notably, the
time derivatives enter this action only linearly, for this reason this action should be considered
as a Hamiltonian action. Integrating the last two terms by parts and neglecting the boundary
terms one obtains ˆ
d3xΛ
(
BiA˙Ti −ATi B˙i
)
= −
ˆ
d3x0ikmA˙Ti ATm∂kΛ . (7.6)
Covariant equations of motion for the gauge potential (6.7) imply the constraint that the
vacuum energy field is constant in space: ∂iΛ = 0. Hence, if we follow the Faddeev-Jackiw
procedure and plug in this constraint into the action we see that (7.6) is vanishing. Moreover,
this implies that in the action one can move the global degree of freedom Λ (t) out of the
spatial integration
S =
ˆ
dtd3xL =
ˆ
dt 2Λ
ˆ
d3x
[
∂0
(
BiATi
)
+ 2Bi∂i (χ˙−A0)− 12
√−g
]
. (7.7)
Comparing this result with the usual Hamiltonian form of the action
S =
ˆ
dt (pq˙ −H (p, q)) , (7.8)
provides a hint (if not a strict proof) that Λ is canonically conjugated to the Chern-Simons
charge
2
ˆ
d3xBiATi =
ˆ
d3x
√−gCtT , (7.9)
where CtT is the U(1)-invariant time component of the of the Chern-Simons current, which is
now constructed out of gauge-invariant ATi instead of Ai. As we have already discussed in (4)
small U(1) transformations do not change the value of the Chern-Simons charge, see (4.5).
Thus the cosmic time is given by the Chern-Simons charge which is a quantity canonically
conjugated to the cosmological constant. This resembles a construction from [38–40], where
the Chern-Simons charge also appeared as time, but it was composed out of the imaginary
part of the complex Ashtekar connection. Instead here we use a real connection Aµ which is
a four covariant vector that we attribute to the matter sector.
8 Non-abelian Generalization
It is very easy to generalize this theory to any non-abelian gauge symmetry with an SU(N)
gauge group. The motivation for this generalization is threefold. First, the very structure
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of vacuum in the non-abelian theories can be highly involved in IR and due to confinement
can possess nontrivial global degrees of freedom, see e.g. recent discussions in [41–43]. On
the other hand, axionic couplings like the one in (6.5) are more typical for non-abelian field
theories. And finally, contrary to the original system [13] with the unusual vector field V µ,
here one can easily introduce standard couplings of the otherwise completely auxiliary gauge
field Aµ to matter. In that case the structure of the theory will change, though in some
regimes it can still approximate the cosmological constant. However, with the coupling to
matter the gauge field configurations become relevant and have to respect the cosmological
principle. Yet, it would not be possible to satisfy homogeneity and isotropy in case of just
one abelian field, with nonvanishing magnetic and electric fields. The way out could be
either to average over many fields like e.g. in vector inflation [44] or to introduce a triplet
of mutually orthogonal vector fields like in [45, 46], or to invoke a non-abelian field theory,
as in [47, 48]. The later was recently applied in a different mimetic construction in [49–51].
Especially interesting is the SU(2) case, as there three independent components of the gauge
potential can play the role of the aforementioned triplet.
As it is common in the Yang-Mills theories, the non-abelian field can be expanded into
generators Aµ = AcµT c, and the covariant derivative Dµ = ∂µ + igAµ with the self-coupling
constant g yields a curvature
F µν = DµAν −DνAµ = ∂µAν − ∂νAµ + ig [Aµ,Aν ] , (8.1)
with the corresponding Hodge dual given by
F˜
µν = 12E
µναβF αβ . (8.2)
The ansatz (2.7) is then generalized to
gµν = hµν ·
√
TrF αβF˜
αβ
. (8.3)
The corresponding Chern-Simons current is
Cµ = TrEµαβγ
(
F αβAγ − 2ig3 AαAβAγ
)
, (8.4)
so that (2.16) remains valid. The most important formulas (6.1) and (6.5) can be generalized
by a simple substitution FαβF˜αβ → TrF αβF˜ αβ (or TrF αβF ?αβ when going to Weyl-invariant
variables), in particular
S [g,A,Λ,Φm] =
ˆ
d4x
√−g
[
−12R (g) + Λ
(
TrF αβF ?αβ − 1
)]
+ Sm [g,Φm] . (8.5)
Clearly, the invariant √−gTrF αβF ?αβ is metric-independent so that the Einstein equations
remain (6.8). As a trivial consequence of the Bianchi identity and the covariant conservation
of the energy-momentum one obtains vacuum energy as an integration constant Λ = const.
This action literally realizes the axionic coupling of the cosmological constant envisioned
long time ago by Wilczek in [15]: “I would like to briefly mention one idea in this regard,
that I am now exploring. It is to do something for the A-parameter very similar to what the
axion does for the θ-parameter in QCD, another otherwise mysteriously tiny quantity. The
basic idea is to promote these parameters to dynamical variables, and then see if perhaps
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small values will be chosen dynamically.” However, here we do not discuss any dynamical
selection mechanism.
There are two important differences of the non-abelian construction comparing to the
abelian case described before. First of all, in the later, a nonvanishing FαβF˜αβ implies the
Lorentz symmetry breaking, with both electric and magnetic field nonvanishing and not
orthogonal to each other, whereas in the non-abelian case a nonvanishing TrF αβF ?αβ does
not necessarily lead to any Lorentz violation.
One can speculate that the growing cosmic time can correspond to a growing winding
number or growing complexity of the vacuum.
Another important distinction is that for the abelian field, there was no dimensional
parameter entering the construction. However, here after a proper normalization, F µν is di-
mensionless so that Aµ has dimensions of length, and the coupling constant has dimensions
g = M2. Otherwise, one can canonically normalize the gauge fields and have the dimen-
sionless coupling constant, however, in that case, one has to divide the expression under the
square root in the ansatz (8.3) by the same M4. Hence, an appearance of a mass scale M is
unavoidable.
Another intriguing conjecture is that action (8.5) can appear from a strongly coupled
gauge field and a strongly coupled axion Λ with a potential
V (Λ) = M4 sin
(
Λ/M4
)
= Λ− 16M
4
( Λ
M4
)3
+ ... , (8.6)
expanded not around a minimum, but around zero under the assumption that M  Λ. In
this case, the first term in the expansion generates the constraint (6.6). On the other hand
the strong coupling does not allow Aµ and Λ to have a wave-like propagation. This suggests
that, in the strong-coupling regime, one can neglect both usual kinetic terms TrF αβF αβ and
(∂Λ)2. The latter is the main condition for this approximation. This is somehow reminiscent
to the dynamical regime which happens in completions of mimetic dark matter and k-essence
/P (X) by a globally-charged U(1) scalar field, see e.g. [49–53]. There one can also neglect
the kinetic term of the radial field. In the next section we pursue this analogy a bit deeper.
9 Nonlinear Extension
Of course, it is unusual to expand the potential (8.6) away from its minimum. Therefore, a
natural question is whether one can neglect TrF αβF αβ and (∂Λ)2 on configurations around
a minimum of the potential6 V (Λ) or maybe at some other point with nonvanishing Λ.
Suppose this is the case. In that case the action will take the form
S [g,A,Λ] =
ˆ
d4x
√−g
[
−12R (g) + ΛTrF αβF
?αβ − V (Λ)
]
. (9.1)
In the action (9.1) the term √−gTrF αβF ?αβ is still metric-independent and does not con-
tribute to the Einstein equations, while the last term adds to those only the CC contribution
Tµν = V (Λ) gµν , (9.2)
which implies that ∂µΛ = 0, because of
6For this discussion, the form of the potential is not important and should not necessarily be (8.6). It may
be even not periodic anymore.
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For the theory (9.1), the axion field Λ is not a Lagrange multiplier anymore, but rather
an auxiliary field. This implies that one can integrate it out using the relation
TrF αβF ?αβ = V ′ , (9.3)
provided V ′′ 6= 0, where prime denotes a derivative with respect to Λ. In that case we reduce
the number of dynamical variables and obtain
S [g,A] =
ˆ
d4x
√−g
[
−12R (g) + f
(
TrF αβF ?αβ
)]
, (9.4)
where the function f is given by a Legendre transformation
f
(
TrF αβF ?αβ
)
= ΛV ′ − V , (9.5)
where Λ = Λ
(
TrF αβF ?αβ
)
is a solution of (9.3). On the other hand, one could take (9.4)
with an arbitrary function f as a starting point. In that case, the corresponding cosmological
constant term would be still equal to (9.2), but written as
Tµν =
(
TrF αβF ?αβ f ′ − f
)
gµν . (9.6)
Following our analogy between Wµ and the Chern-Simons current one can also write
S [g,W ] =
ˆ
d4x
√−g
[
−12R (g) + f
(
∇g)µ Wµ
)]
, (9.7)
instead of
S [g,W,Λ] =
ˆ
d4x
√−g
[
−12R (g) + Λ∇
g)
µ W
µ − V (Λ)
]
, (9.8)
and check that (on equations of motion for Wµ) both these actions also reproduce a cosmo-
logical constant term
Tµν =
(
∇g)µ Wµ f ′ − f
)
gµν = V (Λ) gµν . (9.9)
Clearly, for V (Λ) = Λ, the action (9.8) corresponds to the original Henneaux and Teitelboim
[11] construction for the “unimodular gravity”. The equations of motion both these systems
imply ∇g)µ Wµ = const, which is up to a trivial rescaling reproduce the constraint equation in
the original HT [11] action. Interestingly, a similar formulation of the “unimodular gravity”
that was slightly more complicated than just (9.7) and (9.8), was given in [54].
Thus all these actions: the original Henneaux and Teitelboim [11] and (9.8), (9.7),
(9.4), (9.1) and (8.5) along with our Weyl-invariant constructions (2.18) and [13] describe
the cosmological constant as an integration constant which is also their global degree of
freedom. A new feature that the formulations (9.8), (9.7), (9.4), (9.1) with free functions f
or V can achieve is that these functions can be bounded in some range. This boundedness of
V or f would imply that, for arbitrary values of Λ (or ∇g)µ Wµ or TrF αβF ?αβ), the resulting
cosmological constant is limited to be not arbitrary, but to lie in some range. This feature is
very interesting for theories where Λ (or ∇g)µ Wµ or TrF αβF ?αβ) are stochastic variables.
It is also worthwhile comparing the above transition from the Lagrange multiplier formu-
lation to the auxiliary field with the similar transition in mimetic dark matter and k-essence,
see e.g. [49–53]. There the theory with Lagrangian density
L = λ
(
(∂φ)2 − 1
)
, (9.10)
– 14 –
corresponds to a fluid-like dust with an identically vanishing sound speed, whereas
L = λ (∂φ)2 − V (λ) , (9.11)
represents k-essence with a nonvanishing speed of sound. Thus, there the promotion of the
Lagrange multiplier to an auxiliary field substantially changes the theory. Notably, the fluid-
like dust is just a singular case, which in the completion [49–53] is only realized under an
extreme fine-tuning of identically vanishing self-interaction.
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